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(e.g., Hofbauer and Sigmund [4]),
(e.g., Neutel et al. [7]).
(Population Model) (Ecosystem Model) Lotka-Volterra
$\dot{x}_{i}=x_{i}(r_{i}+\sum_{j=1}^{n}a_{i}jXj)$ , $i=1,2,$ $\ldots,$ $n$ (1)
Lotka-Volterra
( $x_{i}$ )




$N$ $i$ $n_{i}$ semelparous
1
$(r, A)$ (S) Lotka-Volterra (1)
([5] ):
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$L[l_{1}, l_{2}, \ldots, l_{n}];=(\begin{array}{lllll}0 0 \cdots 0 l_{n}l_{1} 0 \cdots 0 00 l_{2} \cdots 0 0| | \ddots | |0 0 \cdots l_{n-1} 0\end{array})$ ,
$m$ $n_{1},$ $n_{2},$ $\ldots,$ $n_{N}$
Lotka-Volterra (1)
X $=(\underline{x_{1},x_{2_{l}}\ldots,x_{n_{1)}}}\underline{x_{n_{1}+1},x_{n_{1}+2},..}$ $\underline{x_{n-1},x_{n}})^{T}$. , $x_{n_{1}+n_{2}},$ $\ldots,$ $x_{n-n_{N}+1},$ $\ldots$
$n_{1}$ $n_{2}$ $n_{N}$
$(x_{1}, x_{2}, \ldots , x_{n\text{ }})^{T}$ 1
$x_{i}$ 1 $X_{1},$ $X_{2},$ $\ldots$ , $X_{N}$
$X_{1}= \sum_{j=1}^{n_{1}}x_{j},$ $X_{2}= \sum_{j=1}^{n_{2}}x_{n_{1}+j},$ $\ldots,X_{N}=\sum_{j=1}^{n_{N}}x_{n_{1}+n_{2}+\ldots+n_{N-1}+j}$
$X_{i}$ $i$
$A$ $N\cross N$ :
$A=(\begin{array}{llll}A_{11} A_{12} \cdots A_{1N}A_{21} A_{22} \cdots A_{2N}| \vdots \ddots \vdots A_{N1} A_{N2} \cdots A_{NN}\end{array})$ .
$A_{ij}$ ni $\cross nj$ (S) $A$
1. $A$ (S) $A_{11},$ $A_{22},$
$\ldots,$
$A_{NN}$ $n_{i}$ $nj$










$I_{1}$ $=$ $\{$ 1, 2, $\ldots,$ $n_{1}\}$ ,
$I_{2}$ $=$ $\{n_{1}+1, n_{1}+2, \ldots, n_{1}+n_{2}\}$ ,
$I_{N}$ $=$ $\{n_{1}+\cdots+n_{N-1}+1, n_{1}+\cdots+n_{N-1}+2, \ldots, n_{1}+\cdots+n_{N}\}$.




$\ldots$ , $M_{N}$ :
$M_{i}=\{x\in \mathbb{R}_{+}^{n}:x_{j}=x_{k},j, k\in I_{i}\}$ .
$M_{i}$ $i$ $P$ $PM_{i}=M_{i}$ $M=$
$\bigcap_{i=1}^{N}M_{i}$ $M$ $PM=M$
3 (Proposition 4.1 [5]). $(r, A)$ (S) $M$ (1)
$M$ :
$\dot{X}_{i}=X_{i}(s_{i}+\sum_{j=1}^{N}\overline{a}_{ij}X_{j})$, $i=1,2,$ $\ldots$ , $N$ . (2)




(S) Lotka-Volterra 1 $x_{n_{1}+1}=x_{n_{1}+2}=$
.. . $=x_{n}=0$ (1) $n_{1}$ Lotka-Volterra
:
$\dot{x}_{i}=x_{i}(s_{1}+\sum_{j=1}^{n_{1}}a_{ijXj)},$ $i=1,2,$ $\ldots,$ $n_{1}$ . (3)
4(Hofbauer [3]). $s_{1}>0$ $A_{11}<0$ (3) $\tilde{x}$ $\tilde{x}$ $\sigma(A_{11})<0$
$\sigma(A_{11})>0$ $\sigma(A_{11})<0$ $\tilde{x}$ int $\mathbb{R}_{+}^{n_{1}}$
$\sigma(A_{11})$ $A_{11}$ (spectral bound)
$i$ $\sigma(A_{ii})<0,$ $i=1,2,$ $\ldots,$ $N$
104
32
(1) $x^{*}=(x_{1}^{*}, x_{2}^{*}, \ldots, x_{n}^{*})^{T}>0$
$r+Ax^{*}=0$
$A$ $x^{*}$ $(r, A)$ (S) 2
$x^{*}$ $M$ $X_{i}^{*}= \sum_{J\in I_{t}}x_{j}^{*}$
$x^{*}=(\ldots,\ldots,\ldots,)^{T}\frac{\frac{X_{1}^{*}}{n_{1}},\frac{x_{1}*}{n_{1}},\frac{X_{1}^{*}}{n_{1}}}{n_{1}},\frac{\frac{X_{2}^{*}}{n_{2}},\frac{X_{2}^{*}}{n_{2}},\frac{X_{2}^{*}}{n_{2}}}{n_{2}},$$\ldots,\frac{\frac{X_{N ^{*}}{n_{N}},\frac{X_{N}^ *}} n_{N}},\f ac{X_{N}^{*}} n_{N}}}{n_{N }$
3 $X^{*}=(X_{1}^{*}, X_{2}^{*}, \ldots, X_{N}^{*})^{T}$
$s+\overline{A}X^{*}=0$
5( ). $(r, A)$ (S) $A_{ii}$ $A_{ii}\leq 0$ $A_{ii}\neq 0$





$A_{ii}=(\begin{array}{llll}c_{0}^{i} c_{1}^{i} \cdots c_{n_{i}-1}^{i}c_{n_{i}-1}^{i} c_{0}^{i} \cdots c_{n_{i}-2}^{i}| | |c_{1}^{i} c_{2}^{i} \cdots c_{0}^{i}\end{array})$
$|J-\lambda I|=0$ :
$|J-\lambda I|$ $=$ diag$(x^{*})A-\lambda I|$
$=$ $|\begin{array}{llll}-x_{\perp A_{11}-\lambda I}n_{1\frac{X}{n}\dot{z}_{\alpha_{21}E}}2 - X_{\Delta}^{1}n_{2}^{\frac{X}{\dot n}i_{\alpha_{11}E}}A_{22}-\lambda I ...\cdot --n\perp x_{A}^{t_{\alpha_{2n}E}^{\alpha_{1n}E}}Xn_{2}| | |\frac{X}{n}\alpha_{\alpha_{N1}E}N* \frac{X}{n}\Delta^{*}N\alpha_{N2}E \cdots - X_{AA_{NN}-\lambda I}^{*}n_{N}\end{array}|$
$=$ $|\overline{J}-\lambda I||R_{1}-\lambda I||R_{2}-\lambda I|\cdots|R_{N}-\lambda I|$ .
$R_{i}$ $(ni-1)\cross(n_{i}-1)$ :
$R_{i}=(\begin{array}{llll}c_{0}^{i} c_{1}^{i} \cdots c_{n_{i}-2}^{i}c_{n_{i}-2}^{i} c_{0}^{i} \cdots c_{n_{\mathfrak{i}}-3}^{i}| | |c_{1}^{i} c_{2}^{i} \cdots c_{0}^{i}\end{array})-c_{n_{i}-1}^{i}E$ .





$n_{1},$ $n_{2},$ $\ldots$ , $n_{N}$
$(s,\overline{A})$
$N=2,$ $n_{1}=n_{2}=2$ $n_{1}$ $n_{2}$
$r=(s_{1},s_{1}, s_{2}, s_{2})^{T}$ , $A=(\begin{array}{llll}-a_{1} -a_{2} -\alpha_{1} -\alpha_{2}-a_{2} -a_{1} -\alpha_{2} -\alpha_{1}-\beta_{1} -\beta_{2} -b_{1} -b_{2}-\beta_{2} -\beta_{1} -b_{2} -b_{1}\end{array})$
$(r, A)$ (S) $A_{11},$ $A_{22}$
$A_{11}=(\begin{array}{ll}-a_{1} -a_{2}-a_{2} -a_{1}\end{array})$ , $A_{22}=(\begin{array}{ll}-b_{1} -b_{2}-b_{2} -b_{1}\end{array})$
$A_{11}<0,$ $A_{22}<0$ $x^{*}=(x_{1}^{*}, x_{2}^{*}, x_{3}^{*}, x_{4}^{*})^{T}$
$xi=x_{2}^{*},$ $x_{3}^{*}=x_{4}^{*}$ Jacobi $J$
$J=(\begin{array}{llll}-x_{1}^{*}a_{1} -x_{1}^{*}a_{2} -x_{1}^{*}\alpha_{1} -x_{1}^{*}\alpha_{2}-x_{1}^{*}a_{2} -x_{1}^{*}a_{1} -x_{1}^{*}\alpha_{2} -x_{1}^{*}\alpha_{1}-x_{3}^{*}\beta_{1} -x_{3}^{*}\beta_{2} -x_{3}^{*}b_{1} -x_{3}^{*}b_{2}-x_{3}^{*}\beta_{2} -x_{3}^{*}\beta_{1} -x_{3}^{*}b_{2} -x_{3}^{*}b_{1}\end{array})$
$|J-\lambda I|=|$diag $(x_{1}^{*}+x_{2}^{*},x_{3}^{*}+x_{4}^{*})\overline{A}-\lambda I||J_{1}-\lambda I|=0$
$J_{1}=(_{x_{3}^{*}(-\beta_{2}}^{x_{1}^{*}(-a_{1}}I_{\beta_{1})}^{a_{2})}$ $x_{1}^{*}(-\alpha_{1}x_{3}^{*}(-b_{1}:_{b_{2})}^{\alpha_{2})})$
J- $=$ diag(X$*$ ) $J$ 1 $J_{1}$
tr $J_{1}$ $=$ $x_{1}^{*}(-a_{1}+a_{2})+x_{3}^{*}(-b_{1}+b_{2})<0$ ,
$\det J_{1}$ $=$ $x_{1}^{*}x_{3}^{*}\{(-a_{1}+a_{2})(-b_{1}+b_{2})-(-\alpha_{1}+\alpha_{2})(-\beta_{2}+\beta_{1})\}>0$
$A_{11}$ $A_{22}$ $a_{1}>a_{2}$ $b_{1}>b_{2}$ $A_{11}$ $A_{22}$
tr $J_{1}<0$ $a_{1}>a_{2},$ $b_{1}>b_{2}$ $\det J_{1}>0$
$-(-\alpha_{1}+\alpha_{2})(-\beta_{2}+\beta_{1})$
3.3
$(r, A)$ (S) (1)
6. $n\cross n$ $A$ VL $d_{i}>0$ $x\neq 0$
$\sum_{i=1}^{n}\sum_{j=1}^{n}d_{i}a_{ij}x_{j}<0$
7. $A$ $A$ $A$ VL
106
Lyapunov $A$ VL $A$ $A$
$n\cross n$ $A$





$\omega$ 1 $n$ $\omega=\exp(2\pi i/n)$ $A$ ${\rm Re}\lambda_{k}<0$
$A+A^{T}=(\begin{array}{llll}2c_{0} c_{1}+c_{n-1} \cdots c_{n-1}+c_{1}c_{n-1}+c_{1} 2c_{0} \cdots c_{n-2}+c_{2}| | |c_{1}+c_{n-1} c_{2}+c_{n-2} \cdots 2c_{0}\end{array})$
$A+A^{T}$ $A+A^{T}$ $\tilde{\lambda}_{0},\tilde{\lambda}_{1},$ $\ldots,\tilde{\lambda}_{n-1}$
$\tilde{\lambda}_{k}=\sum_{j=0}^{n-1}(c_{j}+c_{n-j})\omega^{jk}$
${\rm Re} \tilde{\lambda}_{k}={\rm Re} j\sum_{=0}^{n-1}Cj\omega^{jk}+{\rm Re} j\sum_{=0}^{n-1}c_{n-}J\omega^{(n-j)k}<0$
$A+A^{T}$ VL $[^{-}$
8( ). $A$ (S) $A_{ii}$ $A_{ii}\leq 0$ $A_{ii}\neq 0$
$n_{1},$ $n_{2},$ $\ldots,$ $n_{N}$







$|DA+A^{T}D-\lambda I|=|D^{-}\overline{A}+\overline{A}^{T}D^{-}-\lambda I||\tilde{R}_{1}-\lambda I||\tilde{R}_{2}-\lambda I|\cdots|\tilde{R}_{N}-\lambda I|$ ( $4^{|}$,
$\tilde{R}_{i}=d_{i}\{(\begin{array}{llll}2c_{0}^{i} c_{1}^{i}+c_{n\dot{.}-1}^{i} \cdots c_{n_{i}-2}^{i}+c_{2}^{i}c_{n.-2}^{i}+c_{2}^{i} 2c_{0}^{i} \cdots c_{n\dot{.}-3}^{i}+c_{3}^{i}| | |c_{1}^{i}+c_{n_{i}-1}^{i} c_{2}^{i}+c_{n\dot{.}-2}^{i} \cdots 2c_{0}^{i}\end{array})-(c_{n:-1}^{i}+c_{1}^{i})E\}$ ,
$\overline{D}=$ diag$(d_{1}, d_{2}, \ldots, d_{N})$
$\overline{A},$ $A_{11},$ $A_{22},$
$\ldots,$




$\tilde{R}_{1},\tilde{R}_{2},$ $\ldots,\tilde{R}_{N}$ (4) $DA+A^{T}D$ $A$ VL
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